In this paper, an effective operational method will be used to determine the numerical solution of a specific Nonlinear Fractional Volterra-Fredholm integro-differential (NFVFID) equation. The method is based on CAS wavelets and Block Pulse Functions (BPFs) and their operational matrices. The main characteristic of this approach is to reduce a NFVFID equation to a system of algebraic equations, which greatly simplifies the problem. Also some numerical examples are provided to illustrate the accuracy and computational efficiency of the method.
Introduction
The aim of this work is to present a numerical method for approximating the solution of the following Nonlinear Fractional Volterra-Fredholm Integro-Differential (NFVFID) equation: q are positive integers.
In recent years, it has turned out that many phenomena in signal processing, control engineering [1, 2] , electromagnetism [3] , biosciences [4] , fluid mechanics [5] , electrochemistry [6] , diffusion processes [7] , dynamic of viscoelastic materials [8] , continuum and statistical mechanics [9] and propagation of spherical flames [10] can be successfully modelled by the use of fractional derivatives and integrals. It is well known that the fractional order differential and integral operators are non-local operators. This is one reason why fractional differential operators provide an excellent instrument for description of memory and hereditary properties of various physical processes. Motivated by increasing number of applications of fractional differential equations, considerable attention has been given to provide efficient methods for exact and numerical solutions of fractional differential equations.
In general, most of the fractional integro-differential equations do not have exact solutions. Particularly, there is no known method for solving NFVFID equations exactly. Therefore the numerical solution of these problems is very important. However, there are a few methods for solving these equations, numerically, and most of these methods have been applied to the linear and non-fractional problems, see [11, 12, 13, 14, 15, 16, 17] .
In this paper, we will introduce a new operational method, based on CAS wavelets and Block Pulse Functions (BPFs), to solve NFVFID equations. The method is based on reducing Eq. (1) to a system of algebraic equations by expanding the solution via CAS wavelets with unknown coefficients. The main characteristic of an operational method is to convert a differential equation into an algebraic one. This method does not only simplify the problem but also speeds up the computation. The sparse structure of the operational matrices will simplify the problem and reduce the solution procedure. It is considerable that, our method can be easily applied for solving Eq. (1), when
The plan of this paper is as follows. In section 2, fractional integral and differentiation operators, CAS wavelets, Block Pulse Functions and some of their properties are introduced. Section 3 introduces function approximations via CAS wavelets and BPFs in the matrix forms. In Section 4, the CAS wavelet operational matrix of fractional integration is derived. In Section 5, the approximation of CAS wavelets and BPFs and their operational matrices are used to reduce Eq. (1) to a system of algebraic equations. The error analysis of the method is discussed in section 6. In section 7 some numerical examples are presented to show the convergence, accuracy and advantages of the proposed method with a comparison to other methods. There is a conclusion of the whole work in section 8. In appendices A and B, some details of calculations related to sections 4 and 5, are given.
Preliminaries
In this section, we present some notations, definitions, and preliminaries that will be used in the rest of the paper.
Fractional Calculus
There are several definitions of a fractional derivative of order 0 >  . The two most commonly used definitions are the Riemann-Liouville and Caputo fractional derivative. Each definition uses Riemann-Liouville fractional integration and derivatives of whole order. The RiemannLiouville fractional integration of order  is defined as: 
, and:
CAS Wavelets and Block Pulse Functions(BPFs)
Wavelets are special kinds of oscillatory functions with compact support that are constructed by using dilation and translation of a single function, called the mother wavelet, denoted by ) (x  and must satisfy in certain requirements.
If the dilation parameter is a and translation parameter is b , then we have the following family of wavelets:
The CAS wavelets employed in this paper, are defined as: 
Because of the completeness of
• BPFs have compact supports, i.e.:
Function Approximation
The set of CAS wavelets forms an orthonormal basis for
. This implies that any function ) (x f defined over [0,1) , can be expanded as: 
Also from the orthogonality property of BPFs, it is possible to expand functions into their Block-Pulse series [19] . This means that for every
, are obtained by Eq. (6).
From the above representation and disjointness property, it follows that: 
where a is an m -vector and
Moreover, we can clearly conclud that for every m m
where Ã is an m -vector with elements equal to the diagonal entries of matrix
Operational Matrix of Fractional Integration
There is a relationship between BPFs and CAS wavelets. Providing some calculations outlined in appendix A, we have found:
The Block Pulse operational matrix of fractional integration  F is given as follows [20] : ), 
where matrix
is called the CAS wavelet operational matrix of fractional integration. Using Eqs. (11) and (12), we have:
By Eqs. (13) and (14), we get:
).
Therefore, the CAS wavelet operational matrix of fractional integration
Analysis of the Method

Consider
Eq.
(1), two variables functions
, can be approximated as: 
Hence, substituting the supplementary conditions (2) in (17) and approximating it via CAS walelets, we get: By some calculations which are mentioned in details in appendix B, we will have:
and:
where: 
Error Analysis
Numerical Examples
To illustrate the effectiveness of the proposed method, several test examples are carried out in this section. Note that: 
. Table 1 and figure 4 show the comparison between the approximate solutions and the exact solution. Table 2 . The 2-norm of the absolute error.
1.693401e-005 2.689175e-006 9.968712e-008 1.184921e-004 6.636244e-005 3.507248e-005 
with the initial conditions
and the exact solution 
Conclusion
A numerical scheme, based on operational matrices of integration for CAS wavelets and BPFs, transforms a fractional nonlinear Volterra-Fredholm integro-differential equation to a set of algebraic equations without applying any projection method. Solving this system by an iterative method gives an approximate solution which is a linear combination of 1) (2 2 =  M m k CAS wavelets. The applicability and accuracy of the method are checked by some examples. In these examples the approximate solutions are briefly compared with the exact and approximate solutions obtained by the other methods.
Increasing the number of CAS wavelets over [0,1) , decreases the error of the solution rapidly. To show its convergence and stability, the current method can be run with increasing m , until the computed results have appropriate accuracy. The advantage of this method is the low cost of setting up the equations without using any projection or collocation method and integration. The most interesting ability of this method is that, it can be simply applied to the cases where  is integer which is observed in the numerical examples.
Appendix A: Expanding CAS Wavelets Via BPFs
First, let us introduce the following useful notation, corresponding to CAS wavelets:
Eq. (7) implies that CAS wavelets can be also expanded into an m -term BPF as:
). . Therefor, we get:
matrix which is introduced as: 
Appendix B: Expanding the Integral Part of the Main Equation Via CAS Wavelets
According to Eqs. (19) and (20), we have ).
From the disjoint property of the BPFs, we get:
It is easy to show by induction that:
where:
Using Eqs. (11), (15) and (31), we will have:
Applying properties (4) and (5), we simplify the integral part of (33) as: 
